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We derive expression for the large b⊥ asymptotic of the 3D parton distributions q(x, b⊥) in the
pion. The asymptotic depends exclusively on the mass scales Fpi and mpi. Therefore it provides us
with a nice example of a strict non-perturbative result for the partonic structure of Nambu-Goldstone
bosons in QCD. Analyzing the x-dependent pion transverse radius we reveal a new phenomenon of
“chiral inflation”– in the parametrically wide region of Bjorken x (mpi ≪ 4piFpi
√
x ≪ 4piFpi) the
pion radius grows exponentially fast with the rapidity η = ln (1/x). We show that the partons
in this interval of Bjorken x contribute to famous logarithmic divergency of the pion radius. In
other words, the partonic picture of the classical result of χPT is provided. The phenomenon of
the chiral inflation is at variance with the Gribov diffusion, because of long-range interaction of the
Nambu-Goldstone bosons.
PACS numbers:
Famous experiments of R. Hofstadter et al. [1] on elas-
tic electron scattering established that hadrons are not
point-like particles and have a non-trivial spatial struc-
ture of a finite size of the order of ∼1 fm. For studies
of the space-time picture of hadrons and their interac-
tions in a quantum field theory it is useful to consider
the hadron in the infinite momentum frame [2]. In this
frame the hadron moves with almost speed of light and
therefore one can easily separate the partons (quark, anti-
quarks and gluons) which “belong” to the hadron from
that “belonging” to vacuum fluctuations.
Quantitatively the partonic space-time structure of the
hadron is described by so-called 3D parton distributions
[3], which can be obtained as the zero longitudinal mo-
mentum transfer limit of generalized parton distributions
(GPDs) (GPDs were introduced in [4], for review and
definitions see [5]):
q(x, b⊥) =
∫
d2∆⊥
(2π)2
e−i
~b⊥~∆⊥H(x, ξ = 0,−∆2
⊥
). (1)
Here x > 0 corresponds to the quark distribution and
x < 0 to anti-quark distribution with minus sign in
front. The 3D parton distribution (q(x, b⊥)) is of fun-
damental importance for understanding quark and gluon
structure of hadrons. It gives the probability density to
find a parton (quark, anti-quark or gluon) with longitu-
dinal momentum fraction x and the coordinate b⊥ in the
transverse plane, in this way providing us with the three
dimensional picture of a hadron. The partons (to be spe-
cific we shall discuss below the distributions of up quarks
and anti-quarks in π+) with the longitudinal momentum
fraction x within the hadron occupy a disc of the average
transverse size squared given by:
b2
⊥
(x) =
∫
d2b⊥ b
2
⊥
q(x, b⊥) . (2)
The C-odd transverse size of the hadron (for resent dis-
cussion see [6–8]) which is determined by the slope of the
vector form factor at low momentum transfer can be ob-
tained by integrating b2
⊥
(x) over the momentum fraction:
b2
⊥
=
∫ 1
−1
dx b2
⊥
(x) . (3)
One can also introduce the normalized quark probabil-
ity density in the transverse plane:
ρ(x, b⊥) =
q(x, b⊥)
q(x)
(4)
where q(x) =
∫
d2b⊥q(x, b⊥) is the forward quark distri-
bution function. Eq. (4) defines the conditional probabil-
ity density to find quark around the transverse distance
b⊥ if the longitudinal momentum fraction of the quark
is fixed to x. One can show on general grounds [3] that
ρ(x, b⊥)→ δ(~b⊥) at x→ 1.
One can interpret the normalized quark density (4) as
an evolution of the probability density for a stochastic
motion of a particle in the transverse plane. The role of
the evolution time is played by the rapidity η = ln(1/x).
At the initial time η = 0 (x = 1) the particle is localized
at ~b⊥ = 0. For the stochastic process we can introduce
the mean square distance of the particle as follows:
d2⊥(x) =
∫
d2b⊥ b
2
⊥ ρ(x, b⊥) =
b2
⊥
(x)
q(x)
. (5)
V.N. Gribov in his famous lectures [2] derived that in a
broad class of quantum field theories the stochastic pro-
cess discussed above corresponds to a Gaussian random
walk in the transverse plane, hence one deals in this case
with usual diffusion:
2d2⊥(x) = D ln
(
1
x
)
= D η, (6)
where D is a diffusion coefficient. Gribov diffusion is
realized in a simple (by Regge picture inspired) model
for the 3D quark distributions [5].
q(x, b⊥) =
∫
d2∆⊥
(2π)2
e−i
~b⊥~∆⊥ xα
′∆2
⊥ q(x), (7)
where α′ is a slope of the corresponding Regge trajectory.
It is obvious that in this model d2
⊥
(x) obeys the diffusion
law (6) with the diffusion coefficient D = 4α′
Gribov diffusion (6) has been obtained assuming that
the interaction in an underlying field theory is short range
and strong, see discussion in Ref. [2]. These assumptions
are not satisfied for the interaction of Nambu-Goldstone
bosons. Our aim here is to investigate the quark 3D
distributions of the pion, the Nambu-Goldstone boson
of the spontaneous breakdown of the chiral symmetry in
QCD. Especially we are interested in the behaviour with
η = ln(1/x) of the pion transverse radius.
The very fact of the spontaneous breakdown of the chi-
ral symmetry in QCD allows one to obtain a number of
strict results on the large distance (low-energy) behaviour
of various quantities describing hadrons and their strong
interactions (for a historical review see Ref. [9]). Till
recently the applications of Chiral Perturbation Theory
(χPT) have been devoted mostly to studies of soft inter-
action of hadrons and to calculations of hadrons static
properties (the status of χPT is reviewed in Refs. [10]).
One of classical results of χPT is the divergency of the
pion radius in the chiral limit (mπ → 0). The corre-
sponding radius behaves with the parametrically small
pion mass as follows [11]:
b2
⊥
=
2
3Λ2χ
ln
(
Λ2χ
m2π
)
1 +O

 1
ln
(
Λ2
χ
m2
pi
)



 . (8)
Here
Λχ = 4πFπ ≈ 6 fm−1 (9)
is the inherent for χPT short distance scale (1/Λχ ≈
0.17 fm). In connection with the text book result (8) one
can pose several questions. Which range of Bjorken x of
quarks and antiquarks is responsible for the logarithmic
divergency of the pion radius? What is the “evolution” of
the pion transverse radius with increasing of the rapidity
η = ln (1/x)? Is the Gribov diffusion (6) still valid for
the partons in the Nambu-Goldstone bosons?
Various aspects of the χPT for parton distributions
have been developed in Refs. [12–20]. Applications of
the χPT to the partonic structure of hadrons revealed
a number of new interesting phenomena. In particu-
lar, in Refs. [18, 19] it was demonstrated that the stan-
dard χPT should be modified when it is applied to (gen-
eralized) parton distributions. It was shown that the
χPT for GPDs possesses nontrivial expansion parame-
ter ∼ p2 ln(p2)/x (p2 stays for external soft momenta
and/or m2π, x is the Bjorken scaling variable). Pres-
ences of such parameter makes the all-loop resummation
of χPT for GPDs imperative, because for x ∼ p2 the new
parameter is not anymore small and we are confronted
with problem of summation of large infrared logs. In-
deed, for x ∼ O(p2) the nth order contribution to chi-
ral expansion of GPDs is parametrically proportional to[
p2 ln(p2)/x
]n ∼ [ln(p2)]n and hence all orders of chiral
expansion must be taken into account. In Refs. [18, 19]
the origin of the contributions ∼
[
p2 ln(p2)/x
]n
was iden-
tified and the way to sum up such contributions is demon-
strated. The summation of such singular contributions
for C-odd (q− q¯) 3D quark distribution can be performed
following Refs. [18, 19] and it has the following form [25]:
q(x, b⊥) =
1
πb2
⊥
A ln(b2
⊥
Λ2χ)
∫ 1
−1
dα
1√
1− α2
∫ 1
0
dβ
β
Q(β) (10)
×


√
x
β
b2
⊥
Λ2χ
A ln(b2
⊥
Λ2χ)
+m2πb
2
⊥
K1

2
√√√√ xβ b2⊥Λ2χA ln(b2
⊥
Λ2
χ
)
+m2πb
2
⊥
1− α2



 ·
(
1 +O
(
1
ln(Λ2χb
2
⊥
)
))
.
Here K1(z) is the modified Bessel function, and the functions Q(β) is expressed in terms of the forward parton
distributions q(x) as follows:
Q(β) = −
(
1− B
2
)
β
d
dβ
q(β) +B
[
q(β) −
∫ 1
β
dzq
(
β
z
)]
. (11)
3The constants A and B in Eqs. (10,11) are related to the
large order asymptotics of leading chiral logarithms (LL)
for the massless ππ scattering (see for details Ref. [19]).
The LL coefficients can be computed practically to the
unlimited loop order with help of recursive equation de-
rived in Refs. [21–24]. Unfortunately the analytical so-
lution of this recursive equation is not yet found. How-
ever, it can be solved in the limit of large number of
Nambu-Goldstone bosons (N → ∞), see Refs. [21–24].
The corresponding limit gives the following result for the
coefficients A and B in Eqs. (10,11):
ALarge N =
N
2
, BLarge N = 0. (12)
Numerical solution of the recursive equation of Refs. [21–
24] for the case of N = 3 gives the following values of the
parameters:
A = 1.149, B = 0.482. (13)
Eq. (10) provides the leading large b⊥ asymptotic of
3D parton distribution which depends exclusively on the
mass scales Λχ and mπ. Therefore the corresponding
asymptotic is model independent and it provides us with
a nice example of a strict non-perturbative result for the
partonic structure of Nambu-Goldstone bosons in QCD.
One can easily check that the expression (10) satisfies the
positivity properties of the parton densities and also it
commutes with the DGLAP evolution kernel. The latter
means that the DGLAP evolution of the forward distri-
bution q(x) which enters the r.h.s of Eq. (10) leads to
correct evolution of q(x, b⊥) on the l.h.s. of Eq. (10).
Eq. (10) in the region of 1/Λχ ≪ b⊥ ≪ 1/mπ and
x ≪ Λ2χ/b2⊥ simplifies considerably (we show result for
the normalized quark density (4)):
ρ(x, b⊥) ≈
1
2πb2
⊥
(
A ln(b2
⊥
Λ2χ)
)ω−1
(b2
⊥
Λ2χ)
ω
(14)
×
√
π Γ(ω + 2)3
(ω + 2)Γ
(
ω + 52
) [1− B
2
ω − 1
ω + 1
]
.
Here ω is the slope of the forward quark distribution at
small x, q(x) ∼ 1/xω. We see that the very form of
the b⊥-dependence of the quark densities depends on the
high energy behaviour of the forward parton densities.
It is a non-trivial example of interlacement of the chiral
and partonic degrees of freedom.
Inspecting Eq. (10), we see that there are the following
regions of Bjorken x in which the 3D quark densities have
qualitatively different behaviour at large b⊥:
(I) x <∼
m2
pi
Λ2
χ
, in this region the behaviour of the 3D
parton densities at large b⊥ is governed by the mass
scale given by mπ.
(II) mπ ≪
√
xΛχ ≪ Λχ, in this region the behaviour of
the 3D parton densities at large b⊥ is governed by
the new intermediate mass scale
√
xΛχ which is,
however, much smaller than the typical hadronic
scale. We call this region of Bjorken x as “region
of chiral inflation”. We shall see below that the
pion radius very rapidly (exponentially fast with in-
crease of the rapidity) inflates from typical hadronic
size of ∼ 1/Λχ to parametrically large size of the
“pion cloud” ∼ 1/mπ.
In the region (II) (mπ ≪
√
xΛχ ≪ Λχ) we can neglect
the pion mass in Eq. (10). Computing after that the x-
dependent transverse radius (2) we obtain for the region
(II) simple and elegant result:
b2
⊥
(x) =
2
3Λ2χ
1
x
∫ 1
0
dβ q(β) =
2
3Λ2χ
1
x
. (15)
Here we use that the C-odd usual quark distribution is
normalized by
∫ 1
0 dβ q(β) = 1. We see that in the region
of mπ ≪
√
xΛχ ≪ Λχ (region (II)) the transverse pion
radius inflates exponentially fast with the rapidity η =
ln (1/x) (b2
⊥
(η) ∼ eη). We see that on the interval (II) the
pion transverse radius grows from the typical hadronic
radius of b⊥ ∼ 1/Λχ to the size of the “pion cloud” b⊥ ∼
1/mπ. Integrating Eq. (15) over the x interval (II) we
obtain the following contribution to the total transverse
pion radius (3):
b2
⊥
=
2
3Λ2χ
∫ 1
m2
pi
/Λ2
χ
dx
x
=
2
3Λ2χ
ln
(
Λ2χ
m2π
)
. (16)
That is exactly the classical result (8) for the pion radius
in χPT. We come to the conclusion that the log diver-
gency of the pion radius in χPT comes from the partons
with Bjorken x in the interval of mπ ≪
√
xΛχ ≪ Λχ.
If we now compute the normalized radius d⊥ (5) in
the “inflation region” (II) we obtain the exponential be-
haviour for large rapidities:
d2
⊥
(η) ∼ 1
Λ2χ
e(1−ω)η, (17)
where ω is the slope of the C-odd quark distribution at
small x, q(x) ∼ 1/xω (ω ∼ 0.5). The result (17) is obvi-
ously valid also for massless pions.
We see that the behaviour of the normalized pion ra-
dius (17) is at variance with the Gribov diffusion (6).
The reason for this is the fact that we obtain the “infla-
tion behaviour” (17) in the region where the pion mass
can be neglected. For the massless limit the derivation
of the Gribov diffusion [2] does not work as the assump-
tion of short range interaction is violated. We note that
the exponential inflation of the radius (17) is valid for
all Bjorken x if the Nambu-Goldstone boson is exactly
massless. This can lead to anomalously large interaction
of massless Nambu-Goldstone bosons at high energies.
4For the non-zero pion mass the chiral “inflation” of
the pion radius (17) stops at x ∼ m2π/Λ2χ when the pion
radius reaches the size of the “pion cloud” of ∼ 1/mπ.
From Eq. (10) we can obtain that for x ≪ m2π/Λ2χ the
normalized transverse pion size d⊥ is frozen at the value
of order:
d2⊥(η) ∼
1
Λ2χ
[
m2π
Λ2χ
ln
(
Λ2χ
m2π
)]ω−1
, for η ≫ ln
(
Λ2χ
m2π
)
.(18)
We encounter an interesting phenomenon – the mπ de-
pendence of the saturation radius depends on the values
of the slope of the parton distribution ω. As the result the
m2π dependence of the saturation radius is non-analytical
with the non-trivial exponent. It is nice example of how
the chiral counting depends in non-trivial way on the high
energy behaviour of the parton distributions. The con-
tribution of the interval x <∼
m2
pi
Λ2
χ
to the total transverse
pion radius b⊥ is of order 1/Λχ, i.e. this interval is not
chirally enhanced in the limit of mπ → 0.
To conclude, we derived expression (10) for the large
b⊥ asymptotic of the 3D parton distributions q(x, b⊥)
in the pion. The corresponding asymptotic is model in-
dependent and it provides us with a nice example of a
strict non-perturbative result for the partonic structure
of Nambu-Goldstone bosons in QCD. Analyzing the x-
dependent pion transverse radius we revealed a new phe-
nomenon of “chiral inflation”– in the parametrically wide
region of Bjorken x (mπ ≪
√
xΛχ ≪ Λχ) the pion radius
grows exponentially fast with the rapidity η = ln (1/x).
We showed that the partons in this interval contributes to
famous log divergency of the pion radius (8). This diver-
gency is a classical result of χPT [11]. Here we provided
the partonic picture of this classical result. We revealed
which partons are responsible for the divergency. The
phenomenon of the chiral inflation is at variance with the
Gribov diffusion, as the Nambu-Goldstone bosons expe-
rience long-range interactions.
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